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ON QUINT-CANONICAL BIRATIONALITY OF
IRREGULAR THREEFOLDS
JHENG-JIE CHEN, JUNGKAI ALFRED CHEN, MENG CHEN, ZHI JIANG
Abstract. Let X be a complex smooth projective threefold of
general type. Assume q(X) > 0. We show that the m-canonical
map of X is birational for all m ≥ 5.
1. Introduction
In the study of birational geometry, the canonical divisorK, together
with pluri-canonical divisor mK for any m ∈ Z, plays the central role.
Let V be a nonsingular projective variety of dimension n. For any
integer m, denote by ϕm,V the m-canonical map of V . The geome-
try of ϕm,V and its variants draw a lot of attention in recent years.
For varieties of general type, it is proved, independently by Hacon–
McKernan [HM06], Takayama [Taka] and Tsuji [Tsuji], that there is a
constant r˜n depending only on the dimension n (n > 2) such that ϕm,V
is birational for all m ≥ r˜n. The following question is fundamental in
birational geometry:
Question 1.1. For any integer n ≥ 3, find the optimal constant rn
so that, for all nonsingular projective n-folds of general type, ϕm is
birational onto its image for all m ≥ rn.
It is well-known that r1 = 3 and r2 = 5. The results of Jungkai Chen
and Meng Chen show that r3 ≤ 57 (cf. [CC3, C18]). It is clear that
rn is non-decreasing with respect to n. However it seems to be very
difficult to find explicit bounds in higher dimensions.
On the other hand, if one works on irregular varieties of general type,
according to the method and the principle developed in [CH3], together
with some more recent results of Jiang and Sun ([JS]), there are many
interesting results about effective birationality of pluricanonical maps
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depending only on the fiber dimensions of the Albanese maps. We
summarize some results here:
1) ifX is of general type and of maxiaml Albanese dimension, then
|3KX | induces a birational map (see [CH4] and [JLT]);
2) if X is of general type and a general fiber of the Albanese mor-
phism is of dimension 1, then |4KX | induces a birational map
(see [JS]).
Hence it naturally grows out the following question:
Question 1.2. Is it true that ϕm is birational for all m ≥ rn and for
all irregular varieties of general type of dimension n+ 1.
Question 1.2 is known to be true when n = 1. The purpose of this
article is to prove the following result which gives a positive answer to
the case of n = 2.
Theorem 1.3. Let X be a nonsingular irregular threefold of general
type. Then ϕ5,X is birational.
Remark 1.4. This result is optimal since the 4-canonical map of any
3-fold fibered by surfaces of general type with K2 = 1 and pg = 2 is not
birational. Moreover, the proof of Theorem 1.3 is essentially numerical
hence it works for all the linear systems |5KX⊗P | for all P ∈ Pic
0(X).
Before going into details, we first summarize some more known re-
sults about threefolds of general type:
1) Chen and Hacon proved that if X is an irregular threefold of
general type with χ(ωX) > 0, then |5KX | induces a biratioal
map ([CH3, Theorem 1.1]);
2) By classical results on pluricanonical maps on surfaces (see The-
orem 2.1 below), one sees that if X is a threefold of general type
and the Albanese morphism aX of X factors through a curve of
genus ≥ 2, then |5KX | induces a birational map.
Combining known results, in order to prove Theorem 1.3, it is suffi-
cient to consider the case when X satisfies the following conditions:
(†) χ(ωX) ≤ 0 and the image of the Albanese morphism
is an elliptic curve E.
For X satisfying condition (†), a general fiber F of aX is a smooth
surface of general type. We denote by F0 the minimal model of F .
We now briefly explain the idea of the proof of Theorem 1.3 and the
organization of the article. The method based on GV-sheaves and M-
regular sheaves due to Chen-Hacon and Pareschi-Popa is quite powerful
to deal with pluricanonical systems of varieties with large irregularity,
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say varieties of maximal Albanese dimension or varieties of Albanese
fiber dimension 1 (see [CH2], [CH3], [JLT], [JS],[PP], [BLNP]). How-
ever, the situation here is more complicated and it seems to be difficult
to conclude simply by studying the positive properties of the push-
forward of pluricanonical sheaves on the Albanese varieties. On the
other hand, Reider type theorems work perfectly well for adjoint lin-
ear systems on surfaces (see [Laz]). Here, the idea is to combine both
methods. We first show that positivity on the Albanese variety gives
strong constraints on the structure of X whose |5KX| is difficult to
study. Then we use twisted bicanonical or tri-canonical system to pro-
duce a pencil |L| of X and apply Tankeev’s principle, we need to show
that |5KX | induces a birational map on a general member S ∈ |L| to
conclude that |5KX| is birational. In the last step, we extensively apply
a version of Reider theorem due to Langer [Lan] together with volume
estimation of big divisors on irregular varieties, which is available due
to recent progress of Severi type inequalities ([BPS], [J2], [JP]).
The structure of the article is as follows. In Section 2, we recall some
elementary but useful known facts of surfaces and irregular threefolds.
We start the study of twisted pluricanonical systems in Section 3. More
precisely, we consider the sheaves of the form aX∗(OX(M)⊗Ix), where
M is an divisor on X such that aX∗(OX(M)) is ample. In fact, we
mainly consider M = 2KX or M = 3KX in the sequel. Suppose that
either aX∗(OX(2K)⊗Ix) or aX∗(OX(3K)⊗Ix) is M-regular, then we
prove that |5KX | is birational.
If, on the other hand, aX∗(OX(M)⊗Ix) is not M-regular, then we
prove in Section 4 that there is a decomposition ofM = LM+DM,0 into
a sum of divisors such that |M+P | = |LM |+DM,P and DM,P −DM,0 =
P . Moreover, the pushforward aX∗(OX(M)) has certain tensor-product
structure. With these type of structures, together with the study of
twisted bi-canonical map |2KX + P |, we are able to prove the main
theorem in the case that pg(F ) 6= 0 in Section 5. Similarly, in Section
6, we are able to prove the theorem by studying twisted tri-canonical
map |3KX + P | when pg(F ) = 0.
1.1. Notations. Let X be a smooth projective variety. We denote
by aX : X → AX the Albanese variety of X and Pic
0(X) the Picard
variety of X . We denote by ∼ linear equivalence of divisors and ≡
numerical equivalence of divisors.
Acknowledgements. The forth author would like to thank National
Center for Theoretical Sciences in Taipei for the warm hospitality in
January 2019.
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2. Preliminary results
2.1. Some well-known results on surfaces. We recall a classical
theorem due to Bombieri, Miyaoka and many others (see for instance
[BPV, Section 7]).
Theorem 2.1. Let F0 be a minimal surface of general type. If k ≥ 5,
then ϕk,F0 is a birational morphism onto its canonical model. If k ≥ 3,
ϕk,F0 is birational, except in the following cases:
1) (K2F0, Pg(F0)) = (2, 3), then ϕ3 is a morphism of degree 2 and
the canonical model of F0 is a hypersurface of degree 8 in P(1, 1, 1, 4);
2) (K2F0, Pg(F0)) = (1, 2), then ϕ3 and ϕ4 are maps of degree 2
and the canonical model of F0 is a hypersurface of degree 10 in
P(1, 1, 2, 5);
Proposition 2.2. 1) If pg(F ) 6= 0, then the linear system |2KF0|
is base point free ([BPV, Theorem 7.4]) .
2) If K2F0 ≥ 2, then |3KF0| is base point free ([BPV, Theorem 5.1]).
In this article, we will frequently apply Reider type results of bi-
rationality criterion for adjoint line bundles on surfaces. Let S be a
smooth projective surface and D a nef Q-divisor. Let x1 and x2 be
two different closed points of S. The following theorem (see [Mas] or
[Lan, Theorem 0.1]) gives an effective condition for point separation of
|KS + ⌈D⌉|.
Theorem 2.3. Assume that D2 > 8. If |KS + ⌈D⌉| does not separate
x1 and x2, then there exists a curve C passing through x1 and x2 such
that
(D · C) ≤
4
1 +
√
1− 8
D2
.
In applying Theorem 2.3 in our proof, a crucial step is to estimate
the lower bound of volumes of nef Q-divisors on an irregular threefold.
The following useful results are special forms of the main result in [J2,
Remark 3.3 and Corollary 3.4].
Proposition 2.4. Let f : X → A be a fibration from a smooth pro-
jective n-fold to an abelian variety. Assume that D is a nef and big
divisor on X.
(1) If D|Xs is base point free where Xs is a general fiber of f over its
image and that f∗OX(D) is a semi-stable ample vector bundle
of rank r. Then Dn ≥ n
r
(D|Xs)
n−1h0(X,D).
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(2) If the connected component of a general fiber of f over its image
is a curve of genus g ≥ 2, then vol(D) ≥ 2(n− 1)!h0(A, f∗D ⊗
Q), where Q ∈ Pic0(A) general.
Lemma 2.5. Let F0 be a minimal surface of general type such that
the linear system |mKF0| contains an irreducible and smooth curve for
some m ≥ 2 and |(m+1)KF0| induces a birational map. Then a general
curve C ∈ |mKF0| is not hyperelliptic.
Proof. Let C ∈ |mKF0| be a general member, then |(m + 1)KF0||C
induces a birational map of C. On the other hand, considering
0→ KF0 → KF0 + C → KC → 0,
we conclude that |KF0 +C|C = |(m+ 1)KF0|C is a sublinear system of
|KC|. Hence C is not hyperelliptic. 
Remark 2.6. By [BPV, Section 7], we know that if pg(F0) > 0, then
|2KF0| is base point free and |3KF0| induces a birational map of F0
except K2F0 = 1 and pg(F0) = 2 or K
2
F0
= 2 and pg(F0) = 3. If
pg(F0) = 0, then |4KF0| is always birational and |3KF0| is always base
point free when K2F0 ≥ 2. If pg(F0) = 0 and K
2
F0
= 1, then |3KF0| has
no fixed component and a general member is irreducible and smooth
(see [Cat]).
2.2. Plurigenera of Irregular Threefolds. Some cases of the fol-
lowing lemma (see for instance [CC1, 4.4]) are known.
Lemma 2.7. Let X be a smooth irregular threefold of general type.
Then we have Pk+1(X) > Pk(X) ≥ 1 for all k ≥ 2.
Proof. If X is of Albanese fiber dimension ≤ 1, then by [CH2] and [JS],
we know that V 0(ωX , aX) = {P ∈ Pic
0(X)|h0(ωX ⊗ P ) 6= 0} has an
irreducible component T of dimension ≥ 1. Considering the map⋃
P∈T
H0(X,ωX ⊗ P )⊗H
0(X,ωkX ⊗ P
−1)→ H0(X,ωk+1X ),
we conclude that Pk+1(X) > Pk(X) ≥ 1 for any k ≥ 2.
We now consider the case when the image of aX is a curve, where
we take the Stein factorization
aX : X
f
−→ C
g
−→ AX ,
and let F be a general fiber of f .
First recall that by [CH1, Lemma 4.1], g∗f∗ω
k
X and g∗f∗(ω
k
X⊗Q) are
non-trivial IT0 sheaves on AX for all k ≥ 2 and for all Q ∈ ÂX .
1
1Chen and Hacon proved this when C is an elliptic curve but their argument
works in general.
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If pg(F ) 6= 0, then aX∗ωX is a non-trivial GV-sheaf. Hence there
exists Q ∈ ÂX such that H
0(X,KX + Q) 6= 0. A non-zero section
s ∈ H0(X,KX +Q) induces a short exact sequence:
0→ f∗ω
k
X
·s
−→ f∗(ω
k+1
X ⊗Q)→ Qk → 0.
We notice that Pk+1(F ) > Pk(F ) for all k ≥ 2, hence Qk is a non-trivial
IT0 coherent sheaf on C. Hence
Pk+1(X) = h
0(X, (k + 1)KX +Q) = h
0(AX , g∗f∗(ω
k+1
X ⊗Q))
= h0(AX , g∗f∗ω
k
X) + h
0(AX ,Qk)
> h0(AX , g∗f∗ω
k
X) = Pk(X).
If pg(F ) = 0, then q(F ) = 0 and hence f∗ωX = R
1f∗ωX = 0. We
have
χ(X,ωX) = deg(f∗ωX)− deg(R
1f∗ωX) + deg(R
2f∗ωX)
= deg ωC ≥ 0.
We denote by Y the minimal model ofX . Then χ(Y,OY ) = χ(X,OX) ≤
0. Since K3Y > 0, by Reid’s Riemann-Roch formula, P2(X) =
1
2
K3Y −
3χ(Y,OY ) + R2 > 0 and for all k ≥ 2,
Pk+1(X)− Pk(X) =
k2
2
·K3Y − 2χ(Y,OY ) + Rk+1,
where R2,Rk+1 denotes the contribution of singularities which are al-
ways non-negative. It follows immediately that Pk+1(X) > Pk(X) ≥ 1
for all k ≥ 2. 
3. Twisted Pluricanonical systems
Proposition 3.1. Let X be a smooth projective threefold of general
type satisfying Condition (†). If there exists an open dense subset U of
X such that, for each point x ∈ U , E3,x = a∗(ω
3
X ⊗ Ix) is M-regular,
then ϕ5,X is birational.
Proof. For any x ∈ U , E3,x is M-regular and hence is continuously glob-
ally generated (see [PP, Proposition 2.13]). Then, by [CH3, Corollary
2.4], there exists an open dense subset V of U such that the linear
system |5KX| separates any two points x, y of V in different fibers of
aX . Moreover, if x, y ∈ V are two different points in a general fiber F
of aX and if |3KF | separates x and y, then |5KX| also separates x and
y.
By Theorem 2.1, ϕ3,F is birational unless F is either a (1, 2)-surface
or a (2, 3)-surface. Moreover, for these two classes of surfaces, |3KF |
induces a map of degree 2.
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Assume, to the contrary, that ϕ5,X is non-birational. We want to
deduce a contradiction.
Then the linear system |5KX| induces a map ϕ5 : X → Y of degree
2. We are going to argue by contradiction to show that it is absurd.
Note that ϕ5,X : X → Yˆ must be generically finite of degree 2.
Hence there is a birational involution τ on X switching two fibers of
ϕ5. Modulo birational modifications, we may assume that τ is a bireg-
ular involution and the quotient Y = X/τ is also a smooth projective
variety. The involution τ preserve general fibers of the Albanese mor-
phism aX and hence we have a commutative diagram:
X
f
//
aX
  
❆
❆
❆
❆
❆
❆
❆
❆
Y
aY

E,
where f is the quotient morphism of τ . By assumption, ϕ5,X factors
through f . There exists a line bundle L on Y such that ωX = f
∗(ωY ⊗
L ) and f∗OX = OY ⊕L
−1. Thus we have
f∗ω
5
X =
(
ω⊗5Y ⊗L
⊗5
)
⊕
(
ω⊗5Y ⊗L
⊗4
)
,
where ω⊗5Y ⊗L
⊗5 (resp. ω⊗5Y ⊗L
⊗4) correspond to τ -invariant (resp.
τ -anti-invariant) sections of ω5X .
Since |5KF | induces a birational map of F and aX∗ω
⊗5
X is ample,
both aY ∗
(
ω⊗5Y ⊗L
⊗5
)
and aY ∗
(
ω⊗5Y ⊗L
⊗4
)
are ample. Since both the
ample sheaves on E have global sections, they are lift to global ones of
ω⊗5X . Hence direct summand of aX∗ω
⊕5
X , it is ample. Hence H
0(X, 5KX)
contains a section separating the two points on the general fiber of f ,
which means however that ϕ5,X does not factor birationally through f ,
a contradiction. 
Hence, in order to prove the main theorem, we will mainly work
under the condition that E3,x is not M-regular in the rest of the article.
But some variant of Proposition 3.1 is also needed to deal with some
special cases.
Proposition 3.2. Let X be a smooth projective threefold of general
type satisfying Condition (†). Let F be a general fiber of aX . Assume
that, for general point x ∈ X, aX∗(ω
2
X⊗Ix) is M-regular. Then |5KX |
induces a birational map.
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Proof. Since aX∗(ω
2
X ⊗Ix) is M-regular for general x ∈ X , the evalu-
ation map⊕
P∈W
H0(X, aX∗(ω
2
X ⊗Ix)⊗ P )⊗ P
−1 → aX∗(ω
2
X ⊗Ix)
is surjective for any open subset W of Pic0(X). Since p2(F ) 6= 0 for
general fiber F of aX and Bs |2KF | is a proper closed subset of F , for
any two general points x, y of X lying in different general fibers of aX ,
there exists a point P ∈ W and a divisor DP ∈ |2KX + P | passing
through x and not passing through y. As y ∈ X is general, there exists
a smaller open subset W ′ ⊂ W such that y is not contained in the
base locus of |3KX − Q| for any Q ∈ W
′. Thus, by considering the
natural map |2KX + P | × |3KX − P | → |5KX |, there exists a section
in H0(5KX) separating x and y.
From now on, we always assume that x and y are two general points
in a general fiber F of aX .
If |2KF | can separate x and y, then |5KX | can separate x and y by
the argument of [CH3, Corollary 2.4]. Assume that |3KF | induces a
birational map. Take x, y ∈ F to be two general points in a general
fiber F and that x and y can not be separated by |2KF |. Since aX∗ω
3
X
is IT0, it is M-regular and, by taking the localization, the natural map⊕
P∈W
H0(X, 3KX + P )→ H
0(F, 3KF )
is surjective for any open subset W of Pic0(X). Find a section f ∈
H0(F, 3KF ) such that f(x) = 0 and f(y) 6= 0. We then choose f˜i ∈
H0(X, 3KX+Pi), 1 ≤ i ≤ k, such that
∑
i f˜i |F= f . Since aX∗(ω
2
X⊗Ix)
is M-regular, V 1(aX∗(ω
2
X ⊗ Ix)) = ∅. For a general x ∈ X , the short
exact sequence
0→ aX∗(ω
2
X ⊗Ix)⊗ P → aX∗ω
2
X ⊗ P → Cx → 0
implies the surjective map H0(2KX + P ) → Cx for any P ∈ Pic
0(X),
which means that, as a general point of X , x is not in the base locus of
|2KX + P | for any P ∈ Pic
0(X). We then take g˜i ∈ H
0(X, 2KX − Pi),
1 ≤ i ≤ k, such that g˜i(y) = 1 for 1 ≤ i ≤ k. As x and y can not
be separated by |2KF |, we see that g˜i(x) 6= 0 for 1 ≤ i ≤ k. We then
conclude that h :=
∑
1≤i≤k g˜if˜i ∈ H
0(X, 5KX) satisfies the property
that h(x) = 0 and h(y) 6= 0.
When |3KF | does not induce a birational map for F , the argument
of the second part in the proof of Proposition 3.1 works as well. So we
have completed the proof. 
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4. Abel-Jacobi map induced by Fixed divisors
In this section, we use Abel-Jacobi map to analyze the fixed divisors
of twisted pluricanonical systems of an irregular variety X with q(X) =
1. Lemma 4.4 and 4.9 will be frequently used in next sections.
4.1. Setting. LetX be a smooth projective variety of general type and
assume that the Albanese morphism aX : X → E of X is a fibration
onto an elliptic curve. Denote by F a general fiber of aX .
Denote by P the Poincare´ bundle, on X × Ê, which is pulled back
from E × Ê. Assume that we have a divisor M on X such that
H0(X,M ⊗ P ) 6= 0 for general P ∈ Ê. Then p2∗(p
∗
1M ⊗ P) is a
non-trivial vector bundle on E, where p1 and p2 are the natural pro-
jections from X × Ê to X and Ê respectively. We have the relative
evaluation map:
p∗2p2∗(p
∗
1M ⊗P)
v
−→ p∗1M ⊗P.(1)
Then there exists an ideal sheaf IM on X× Ê so that IM ⊗p
∗
1M ⊗P
is the image of v. Let ZM be the scheme of X × Ê defined by IM .
The following lemma is a crucial observation. Note that a similar
observation plays a crucial role in [BLNP] as well, though the context
is completely different.
Lemma 4.2. Keep the setting as in 4.1. Assume that aX∗OX(M) is
an ample vector bundle on E and ZM does not dominate X. Then
there exists an open dense subset U of X such that for any x ∈ U ,
aX∗(OX(M) ⊗ Ix) is M-regular. In particular, aX∗(OX(M) ⊗ Ix) is
ample on E.
Proof. For a general P ∈ Ê, one has
p2∗OX(p
∗
1M ⊗P)⊗ CP ≃ H
0(X,M ⊗ P ).
Thus, if ZM does not dominate X , the following base locus
B := {(x, P ) ∈ X × Ê | x ∈ Bs |M + P |}
does not dominateX and denote by U the open dense subsetX p1(B).
Then, for any x ∈ U , we have the short exact sequence
0→ aX∗(OX(M)⊗Ix)→ aX∗OX(M)→ CaX(x) → 0.
By definition of B, we conclude that H0(X, aX∗OX(M)⊗P )→ CaX (x)
is surjective for any P ∈ Ê. By assumption, aX∗OX(M) is an am-
ple vector bundle on E. By considering the long exact sequence, we
conclude that H1(E, aX∗(OX(M) ⊗ Ix) ⊗ P ) = 0 for any P . Thus
aX∗(OX(M)⊗Ix) is M-regular and, in particular, ample on E. 
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Now the rest of this section is devoted to studying in detail the case
when ZM dominates X via the first projection. We denote by DM
the union of irreducible components, of ZM , each of which dominates
X . We observe that each irreducible component of DM is a divisor of
X × Ê dominating both X and E.
Lemma 4.3. Keep the setting as in 4.1. Assume that ZM dominates
X. Then DM is reduced and irreducible and, for P ∈ Ê general ,
DM,P : = DM |X×{P} is also reduced and irreducible. Moreover, the
Abel-Jacobi map induced by D
Ψ : Ê −→ Ê
P → OX(DM,P −DM,0)
is the identity and hence DM,P = DM,0 + P . Fix a general P , we set
LM : =M + P −DM,P . Then |M +Q| = |LM |+DM,Q for general Q.
Furthermore, V 0(LM ) 6= Ê.
Proof. First we prove that each irreducible component of DM is re-
duced. Otherwise let kD1 (with k ≥ 2) be an irreducible component of
DM . Fix a general element P ∈ Ê, then kD1P is a fixed divisor on X .
We notice that D1 is a family of divisors of X parametrized by Ê and
the Abel-Jacobi maps:
Φ : Ê −→ Ê
P → OX(D1P −D10)
is a non-trivial isogeny of Ê. Hence we may take two general elements
Q1 and Q2, different from P , such that Φ(Q1)+Φ(Q2) = 2Φ(P ). Hence
D1Q1 + D1Q2 is rational equivalent to 2D1P . This contradicts the fact
that kD1P is a fixed divisor.
If DM has two different irreducible components D1 and D2. We still
consider the Abel-Jacobi maps
Φi : Ê −→ Ê
P → OX(DiP −Di0),
for i = 1, 2. Both Φ1 and Φ2 are isogenys of Ê. Fix a general P ∈ Ê,
then D1P + D2P is a fixed divisor. Choose a general Q ∈ Ê such that
for some P1 ∈ Φ
−1
1 (Φ1(P )−Q) and P2 ∈ Φ
−1
2 (Φ2(P )+Q), the support
of D1P1 + D2P2 is different from the support of D1P + D2P . However
D1P + D2P ∼rat D1P1 + D2P2 , which is a contradiction as well.
Take the normalization ε : D ′ → DM . Let D
′ g−→ C
t
−→ Ê be the Stein
factorization of D ′ → Ê. If DM,P is not irreducible for the general
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P ∈ Ê, then deg t > 1. Then we consider another Abel-Jacobi map:
ΦC : C −→ Ê
P → OX(ε(D
′
c)− ε(D
′
c0)),
for some fixed point c0 ∈ C. Clearly ΦC is dominant as well.
For the general P ∈ Ê, take two different points c1, c2 ∈ t
−1(P ).
We have ε(D ′c1) + ε(D
′
c2
) is a sub-divisor of DP and hence a fixed
divisor. However, since ΦC is dominant, there are different points
c3, c4 ∈ C such that ΦC(c1) + ΦC(c2) = ΦC(c3) + ΦC(c4) and then
ε(D ′c1) + ε(D
′
c2) ∼rat ε(D
′
c3) + ε(D
′
c4), a contradiction. Hence DM,P is
irreducible and reduced for the general P ∈ Ê.
The above argument actually shows that Ψ is injective and hence
a group isomorphism from Ê to Ê. We prove the last statement by
the same idea. Assume that Ψ is different from the identity, then Ψ
is induced by a complex multiplication of Ê and Ψ− Id is also a non-
trivial group isomorphism of Ê. We take a general P0 ∈ Ê such that
h0(X,M⊗P0) is minimal. We denote by LM the divisorM+P−DM,P0 .
Then, for a general Q ∈ Ê, there exists Q′ ∈ Ê different from Q, such
that Ψ(Q′) = Ψ(P0) +Q− P0. This implies that DQ′ linear equivalent
to DP0 +Q − P0. Then |M + Q| ⊃ |LM | + DQ′. Since Q ∈ Ê general,
we conclude that |M +Q| = |LM |+DQ′. On the other hand, we know
that DQ 6= DQ′ is a fixed divisor of the linear system |M + Q|, thus
LM −DQ is effective, which is absurd. 
We continue the study under the assumption of Lemma 4.3. Notice
that, whenever we take M = kKX + a
∗
X Lˆ with k ≥ 2, Pk(F ) 6= 0 and
Lˆ a nef line bundle on E, aX∗OX(M) is ample (see for instance [CH1,
Lemma 2.1]). Then h0(X,M + P )) = r is constant for all P ∈ Ê and
hence |M + P | = |LM |+ DM,P for all P ∈ Ê.
We now consider the following vector bundles on E:
V
0
M := aX∗OX(LM) and V
+
M = aX∗OX(DM,0).
We know that a vector bundle on an elliptic curve is a direct sum of
semi-stable vector bundles. Since V 0(LM) 6= Ê and h
0(X,LM ) = r,
V 0M is a direct sum of semi-stable vector bundles of negative slopes and
zero slope. In particular, there is an injection
E
0
M := O
⊕r
E →֒ V
0
M
which is induced by global sections of LM .
Similarly, V +M is a direct sum of semistable vector bundle. Since
h0(E,V +M ⊗ P ) = h
0(X,DM,0 ⊗ P ) = h
0(X,DM,P ) = 1
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for any general P ∈ Ê, there exist one (and only one) ample direct
summand E +M of V
+
M of degree 1.
We have the natural map a∗OX(LM) ⊗ a∗OX(DM,0) → aX∗OX(M)
induced by multiplication of sections. Hence we have the multiplication
map
m : (O⊕rE )⊗ E
+
M →֒ V
0
M ⊗ V
+
M → aX∗OX(M).(2)
Recall that |M+P | = |LM |+DM,P . Thereforem induces an injective
and hence bijective map between sections
H0(E, (O⊕rE )⊗ E
+
M ⊗ P )
m
−→ H0(E, aX∗OX(M)⊗ P ),
for any P ∈ Ê. Notice also that both vector bundles are ample and
hence have vanishing H1. Let F · ∈ D(E) be the mapping cone of
the map m in (2). It follows that H i(E,F · ⊗ P ) = 0 for all i and all
P . Hence F · = 0 and therefore m is an isomorphism between vector
bundles on E.
In summary, we have proved the following lemma.
Lemma 4.4. Assume that M is a divisor on X such that aX∗OX(M)
is an ample vector bundle on E of degree r and the scheme ZM defined
in (1) dominates X. Then we can write |M | = |LM | + DM,0 such
that |M + P | = |LM |+DM,P for all P , aX∗OX(D0) contains an ample
vector bundle of degree 1, denoted E +M , and aX∗OX(LM) contains E
0
M =
O
⊕h0(M)
E .
Furthermore, we have an isomorphism of vector bundles
m : E 0M ⊗ E
+
M = (O
⊕h0(X,M)
E )⊗ E
+
M
∼
−→ aX∗OX(M).
This implies, in particular, that
h0(X,M) · rk(E +M) = h
0(F,M |F ).
Definition 4.5. We call the decomposition |M | = |LM | + DM,0 in
Lemma 4.4 a uniform decomposition of |M |, in the sense that the
decomposition |M + P | = |LM | + DM,P holds for all P uniformly.
Moreover, a∗OX(M) ∼= E
0
M ⊗ E
+
M is called a uniform decomposition
of a∗OX(M).
It is possible to have further decomposition. Let B be a fixed divisor
of |LM | and L
′
M = LM − B. That is, |LM | = |L
′
M | + B. Since one
has V 0(L′M) ⊂ V
0(LM ) 6= Ê, and h
0(L′M) = h
0(LM), it follows that
E 0M ⊂ a∗OX(L
′
M) ⊂ a∗OX(LM). Moreover,
E
0
M ⊗ E
+
M
·B
−→ a∗OX(M)
is an isomorphism.
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Lemma 4.6. Given a divisor M on X such that a∗OX(M) is ample
and ZM dominates X. After replacing X by its birational model and
replacingM by its total transform, there exists a uniform decomposition
|M | = |LM | + DM,0 + EM such that LM is base point free and DM,0 is
nef and smooth. Moreover, there is an isomorphism of vector bundles
E
0
M ⊗ E
+
M
·EM−→ a∗OX(M).
This decomposition is called a refined uniform decomposition. The
induced isomorphism of vector bundles is called a refined uniform de-
composition of a∗OX(M).
Proof. Consider π : X˜ → X a birational morphism resolving the base
loci of |LM | and resolving ∩P∈ÊDM,P . Let L˜M and D˜M,P be the proper
transform of LM and DM,P respectively. Note that for any curve C,
if C ⊂ Supp(D˜M,P ), then C 6⊂ Supp(D˜M,Q) for general Q. Hence
C · (D˜M,P ) = C · (D˜M,Q) ≥ 0, that is D˜M,P is nef.
Similarly, one can show that there exists E˜ 0M , E˜
+
M subbundles of
a∗π∗OX˜(L˜M) and a∗π∗OX˜(D˜M,0) respectively such that
E˜
0
M ⊗ E˜
+
M →֒ a∗OX˜(L˜M)⊗ a∗OX˜(D˜M,0)
·EM−→ a∗OX˜(π
∗M) = a∗OX(M)
is an isomorphism. Note that h0(X˜, L˜M) = h
0(X,LM ) = h
0(X,M),
hence E˜ 0M = E
0
M and therefore E˜
+
M
∼= E +M . 
We will need the following facts.
Lemma 4.7. Let L be a line bundle on a smooth projective variety.
Assume that L = L1⊗L2 is the tensor product of two line bundles and
there exists subspaces W1 ⊂ H
0(L1) and W2 ⊂ H
0(L2) such that the
natural map W1⊗W2 → H
0(L) is an isomorphism. Then the following
holds.
(1) If L is free, then both L1 and L2 are free.
(2) If dimW1 = 1, then W1 = H
0(L1), W2 = H
0(L2) and |L| =
|L2|+D1, where D1 is the unique effective divisor in |L1|.
Proof. (1). Let s1, . . . sn and t1, . . . tm be basis of W1,W2 respectively.
Then {sitj} forms a basis of H
0(L). Suppose that s1, . . . sn has a com-
mon zero at x ∈ X , then x is a common zero of {sitj} for all i, j, which
is absurd. Hence W1 is free and so is L1. The same argument holds for
W2 and L2.
(2). Since dimW1 = 1, we then have h
0(L) = dimW2. On the
other hand, h0(L) ≥ h0(L2) ≥ dimW2. Hence W2 = H
0(L2). Let
0 6= s ∈ W1 and let D be the divisor div(s). Then W1 ⊗W2 = H
0(L)
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implies that D is a fixed divisor of the linear system |L|. In particular,
h0(L1) = h
0(D) = 1. 
Corollary 4.8. Apply the above Lemma to a refined uniform decom-
position |M | = LM + DM,0 + EM , one has the following:
(1) If rk(E +M) = 1 or rk(E
0
M) = 1, then E
+
M = V
+
M and E
0
M = V
0
M .
(2) If rk(V 0M) = 1, then rk(E
0) = 1 and hence h0(X,M) = 1.
(3) Let LM,F and DM,F denote the restriction of LM and DM,0 to
general fiber F respectively. If |MF | is free, then both |LM,F |
and |DM,F | are free,
(4) If rk(E +M) = 1, then DM,0 ≡ F for a general fiber F . Moreover,
the map restricting to general fiber H0(X,M)→ H0(F,MF ) is
surjective.
Proof. The first three statements are clear. We prove the last state-
ment. If E +M is a line bundle of degree 1, denoted OE(p) for some p ∈ E.
Then OE(p) ⊂ a∗OX(DM,0) and hence a
∗
XOE(p)⊗P ⊂ DM,P for all P .
For general P , DM,P is irreducible containing the fiber F such that
OX(F ) = a
∗
XOE(p)⊗ P . In particular, DM,0 ≡ F .
Now aX∗OX(M) = (O
⊕h0(X,M)
E )⊗E
+
M = E
+
M
⊕h0(X,M)
, which is clearly
generically generated by global sections. In particular, the map re-
stricting to general fiber H0(X,M)→ H0(F,MF ) is surjective. 
Lemma 4.9. Keep the same assumption as that of Lemma 4.4. If
M =M1+M2 such that aX∗OX(M1) is a non-trivial nef vector bundle
and aX∗OX(M2) is an ample vector bundle. Let M = LM + DM,0 be a
uniform decomposition. Then the following holds.
(1) There exists an element Q0 ∈ Pic
0(E) such that V 0(M1) =
{Q0};
(2) M2−Q0 admits a uniform decompositionM2−Q0 = LM2+DM,0
such that |M2 −Q0 + P | = |LM2|+ DM,P for all P ∈ Ê;
(3) aX∗OX(M2 −Q0) = E
0
M2
⊗ E +M , where E
0
M2
= O
⊕h0(X,M2)
E ;
(4) h0(X,M2) · rk(E
+
M) = h
0(F,M2,F ), where M2,F is the restriction
of M2 to the general fiber F .
(5) LM = LM2 + Q0 +M1 and the restriction to F yields LM,F =
LM2,F +M1,F .
Proof. Since aX∗OX(M1) is a non-trivial nef vector bundle, there exists
Q0 ∈ Ê such that H
0(X,OX(M1)⊗Q0) 6= 0 and we fix a divisor GQ0 ∈
|M1 +Q0|. We have GQ0 + |M2 −Q0 + P | ⊂ |M + P | = |LM |+DM,P .
Since DM,P is irreducible and DM dominates X , therefore for general
P , DM,P * Supp(GQ0) and hence DM,P is a fixed part of the linear
system |M2−Q0 + P |. Since h
0(X,OX(M2)⊗P ) is constant for every
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P ∈ Ê, DP is a fixed part for all |M2−Q0+P |. By the similar argument
as in Lemma 4.4, we see the desired structure of aX∗OX(M2 −Q0).
If there exists Q1 ∈ V
0(M1) different from Q0, then by the same
argument we conclude that DM,P is a fixed divisor of |M2 − Q1 + P |
for P ∈ Ê. We then conclude that the Abel-Jacobi map for the fixed
divisors of |M2+P | is not the identity of Ê, which contradicts Lemma
4.3. Hence V 0(M1) = {Q0}. 
In the rest of this article, we focus on the following threefolds.
Definition 4.10. A threefold X is said to be a special irregular three-
fold, if X is a threefold of general type satisfying Condition (†), i,e,
χ(X,ωX) ≤ 0 and the Albanese image is an elliptic curve, and for
x ∈ X general, both E2,x := aX∗(ω
2
X ⊗Ix) and E3,x := aX∗(ω
3
X ⊗Ix)
are not M-regular.
We shall work on special irregular threefolds from now on.
According to Lemma 4.2, Z3KX dominates X when X is a special
irregular threefold. We now apply Lemma 4.4 and get a uniform de-
composition 3KX = L3K + D3K,0 with |3KX | = |L3K |+ D3K,0 and
aX∗OX(3KX) = E
0
3K ⊗ E
+
3K . ‡3
For the general fiber F of aX , we may write the restriction as 3KF =
L3K,F + D3K,F . We will denote by F0 the minimal model of F and
denote by σ : F → F0 the contraction morphism.
We have
H0(F, 3KF ) ≃W
0
3 ⊗W
+
3 ,
where W 03 (resp. W
+
3 ) is the corresponding subspace of H
0(F, L3K,F )
(resp. H0(F,D3,F )) and since aX∗OX(L3K) contains E
0
3K = O
h0(X,3KX)
E
we have
h0(F, L3K,F ) = rk(aX∗OX(L3)) ≥ rk(E
0
3K) = P3(X) > 1.
Let ϕ : X → Z be the Stein factorization of the bi-canonical (resp.
tri-canonical) map if P2(X) ≥ 2 (resp. P3(X) ≥ 2). Let S be the
general hyperplane section if dimϕ(X) ≥ 2 or general irreducible fiber
of ϕ if dimϕ(X) = 1. Then we will prove that |5K + P | is birational
by studying the restriction |5K|S in the remaining part of the article.
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5. Irregular threefolds whose Albanese fibers have
pg(F ) 6= 0
The aim of this section is to prove the main theorem for special
irregular threefolds with pg(F ) 6= 0. If pg(F ) 6= 0, then a∗OX(KX) is
non-trivial.
Considering the divisor 3KX = KX + 2KX and refined uniform de-
composition |3KX + P | = |L3K | + D3K,P + E3, we may apply Lemma
4.4 and Lemma 4.9 to get:

a∗OX(KX) = (Q
−1)⊕pg(F ), for some Q ∈ Ê;
|2KX + P −Q| = |L2K |+ D3K,P + E2;
a∗OX(2KX −Q) = O
h0(2KX)
E ⊗ E
+
3K ;
a∗OX(3KX) = O
h0(3KX)
E ⊗ E
+
3K ;
where the first formula holds because we know that have the decom-
position formula for aX∗OX(KX) (see the main theorem in [PPS] ) and
the fact that V 0(KX) = {Q} by Lemma 4.9 and, as in Remark 4.6,
we may also assume that |L2K | is base point free. For simplicity of
notations, we may also write DP instead of D3K,P .
As before, we denote by L3K,F (resp. L2K,F ) the restriction of L3K
(resp. L2K) to a general fiber F of aX . We note that DP1,F ≃ DP2,F
for P1, P2 ∈ Pic
0(E) and we denote by DF this divisor.
We know that the natural map
W 03 ⊗W
+
3
·E3−−→ H0(F, 3KF )(3)
is an isomorphism, where W 03 and W
+
3 defined as in the previous sec-
tion. Moreover, let W 02 := O
h0(2KX )
E ⊗ k(x) ⊂ H
0(F, L2K,F ), where
x = a(F ). Then we also have the natural isomorphism
W 02 ⊗W
+
3
·E2−−→ H0(F, 2KF ).(4)
We summarize some important corollaries of Lemma 4.4 and Lemma
4.9, which will be used in this section.
Lemma 5.1. Let σF : F → F0 be the contraction map to the minimal
model of F . Suppose that |mKF0 | is base-point-free for m = 2 or 3,
then Lm,F +DF = mσ
∗KF0. Moreover, |Lm,F | and |DF | are base point
free.
Furthermore, let Λm = σF ∗(Lm,F ) and ∆ = σF ∗(DF ). Then both are
base point free and Lm,F = σ
∗
F (Λm), DF = σ
∗
F (∆).
Proof. Let E := KF/F0. Then |mKF | = σ
∗|mKF0| + mE. From the
isomorphism (3, 4), we conclude that Lm,F +DF = mσ
∗KF0 . Moreover,
|Lm,F | and |DF | are base point free by Lemma 4.7.1. Hence 0 ≤ Lm,F ·
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E ≤ mσ∗KF0 · E = 0 and 0 ≤ DF · E ≤ mσ
∗KF0 · E = 0. Then it is
clear that Lm,F = σ
∗
F (Λm), DF = σ
∗
F (∆). 
Corollary 5.2. If pg(F ) > 0, then P2(X) = h
0(F0,Λ2) > 1.
Proof. Note that P2(X) = rk(E
0
M2
) and h0(F0,Λ2) = h
0(F, L2,F ) ≥
rk(E 0M2). Hence it suffices to show that rk(E
0
M2
) > 1.
Suppose on the contrary that rk(E 0M2) = dimW
0
2 = 1. Then by
Corollary 4.7.2, one has h0(F, L2,F ) = h
0(F0,Λ2) = 1. Moreover,
|2KF0| = Λ2 + |∆|. Since |2KF0| is base point free by Proposition
2.2, Λ2 = 0 and hence so is L2,F . Now Lemma 4.9.5 gives L3,F =
L2,F + KF = KF . Hence W
0
3 ⊂ H
0(F, L3K,F ) ≃ H
0(F,KF ). Also,
|2KF0| = |∆| and DF = σ
∗(2KF0) and hence W
+
3 = H
0(F,D3K,F ) ≃
H0(F0, 2KF0). It follows that the isomorphism
ΦW : W
0
3 ⊗W
+
3
∼= W 03 ⊗H
0(F, 2KF ) ∼= H
0(F, 3KF )
is compatible with Φ : H0(KF ) ⊗ H
0(2KF ) → H
0(3KF ). For any
subspaceW ⊂ H0(KF ) of dimension ≥ 2, it is obvious that the induced
map Φ|W⊗H0(2KF ) : W ⊗ H
0(2KF ) → H
0(3KF ) can not be injective.
Therefore, dimW 03 = 1 and hence h
0(2KF ) = h
0(3KF ), which is the
desired contradiction. 
The rest of this section is devoted to the proof of the following the-
orem.
Theorem 5.3. Let X be a special irregular 3-fold. Then |5KX | induces
a birational map of X if any one of the following conditions holds
(1) pg(F ) > 0;
(2) P2(X) ≥ 2 and K
2
F0
≥ 3.
Proof. Let ϕ : X → Pa be the morphism induced by |L2K | and let S
be an irreducible component of a general pencil of |L2K |. It is clear
that S is a smooth of general type. We first claim that the induced
map S → E is surjective. To see the claim, suppose on the contrary
that S → E is not surjective, then S = F and hence L2K = F (resp.
L3K). It follows that V
0(X,L2K) = Ê. This is a contradiction since
V 0(X,L2K) 6= Ê by Lemma 4.3.
We will also use the following notation: let V be a Q-divisor on X
such that S * Supp(V ), then we denote by VS the restriction of V on
S.
We denote by π : X → X0 the morphism from X to its canonical
model X0 and let σS : S → S0 be the contraction to its minimal model.
Then π∗KX0 is a Q-Cartier nef and big divisor on X . We then consider
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the refined uniform decomposition |2KX−Q| = |L2K |+D2K,0+E2 and
the short exact sequence:
0→ OX(KX+⌈2KX+2π
∗KX0−E2⌉−S)→ OX(KX+⌈2KX+2π
∗KX0−E2⌉)
→ OS
(
(KX + ⌈2KX + 2π
∗KX0 −E2⌉)S
)
→ 0.
Note that 2KX − S − E2 ∼ D2K,Q =: DQ is nef and π
∗KX0 is nef
and big. Thus, by Kawamata-Viehweg vanishing theorem, we have the
surjective map
H0(X,OX(KX+⌈2KX+2π
∗KX0−E2⌉))→ H
0(S,KS+⌈2π
∗KX0+DQ⌉S).
We also know that 5KX  KX+⌈2KX+2π
∗KX0−E2⌉ and 5KX−L2K
are effective divisors. Hence in order to conclude the proof of Theorem
5.3, we just need to show that under the respective assumptions, the
global section of KS + ⌈2π
∗KX0 +DQ⌉S induces a birational map of S.
By the extension theorem (see the main theorem of [K]), we know
that the restriction map H0(X,m(KX + L2K)) → H
0(S,mKS) is sur-
jective for any m ≥ 2. We may take m sufficient large and divisible and
conclude that Mov(|m(KX+L2K)|)S  mσ
∗
SKS0, where Mov(|m(KX+
L2K)|) denotes the moving part of the linear system |m(KX + L2K)|.
Since DP is nef and contains no base divisor for each P ∈ Pic
0(E), we
have Mov|mDQ| = |mDQ| for m ≥ 2 and hence
Mov(|m(KX+L2K)|)+mDQ  Mov(|m(KX+L2K+DQ|)  3mπ
∗KX0.
Thus,
σ∗SKS0 + DQ,S  Mov(|m(KX + L2K)|)S + DQ,S  3π
∗KX0,S
and hence
2π∗KX0,S + DQ,S 
2
3
σ∗SKS0 +
5
3
DQ,S.(5)
We then apply Theorem 2.3 to show that the global section of KS +
⌈2π∗KX0 + DQ⌉S induces a birational map of S. We distinguish two
cases depending on whether DP is a fiber of aX or not for P general.
Case 1. DP is a general fiber of aX .
In this case, F = DP is a general fiber of aX and hence DP,F = 0. We
regard Γ: = F ∩ S as a general fiber of S → E or a general member
of the linear system |L2K,F | on F . Note that the morphism S → E
factors through its minimal model S0, hence Γ ·KS = Γ · σ
∗
SKS0 . Thus
considering Γ as a curve on S yields
(6) σ∗SKS0 ·DQ,S = σ
∗
SKS0 · Γ = KS · Γ = 2g(Γ)− 2.
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On the other hand, considering Γ as a curve on F leads to
2g(Γ)− 2 = (KF + S|F ) · S|F .
Claim 1.1. σ∗SKS0 ·DP,S ≥ 6 and hence (
2
3
σ∗SKS0 +
5
3
DP,S)
2 ≥ 40
3
.
If |2KF0| is base point free (which is the case when pg(F ) 6= 0 orK
2
F0
≥ 5
by [BPV, Theorem 5.1 and Theorem 7.4]), then L2K,F = 2σ
∗
FKF0 by
Lemma 5.1. It follows that
(7) σ∗SKS0 ·DQ,S = 2g(Γ)− 2 = (KF +σ
∗
F2KF0) ·σ
∗
F2KF0 = 6K
2
F0
≥ 6
If |2KF0| has base points (which could happen when K
2
F0
= 3 or 4),
we note that still have |2KF | = |L2K |F +E2,F . By the assumption that
K2F0 ≥ 3 and the main result of [X2], we know that |L2K | induces a
generically finite morphism of F and h0(F, L2K,F ) = P2(F ) ≥ 4. It is
easy to see that (L2K,F )
2 ≥ 2(P2(F ) − 2) ≥ 4. Hence KF · L2K,F ≥
σ∗FKF0 · L2K,F ≥ 4 by Hodge index theorem. Thus σ
∗
SKS0 · DP,S =
(KF + S|F ) · S|F ≥ 8.
Claim 1.2. (2
3
σ∗SKS0 +
5
3
DP,S) · C ≥ 3 for a general curve C on S.
Suppose first that a(C) is a point, then C = Γ. Therefore σ∗0KS0 ·C ≥ 6
and (2
3
σ∗SKS0 +
5
3
DP,S) · C ≥ 4.
If a(C) is not a point, then DP,S ·C ≥ 1. The claim holds if σ
∗
SKS0 ·
C ≥ 2. If σ∗SKS0 · C = 0, one has a contradiction by Hodge Index
Theorem. If σ∗SKS0 · C = 1, then Hodge Index Theorem implies that
C ≡ σ∗SKS0 . Then Claim 1 gives DP,S · C ≥ 6 and hence (
2
3
σ∗SKS0 +
5
3
DP,S) · C ≥
32
3
.
Finally, we conclude by Theorem 2.3 that the global section of KS +
⌈2π∗KX0 + DP ⌉S induces a birational map of S.
Case 2. aX∗DP has rank > 1.
We start with the following observation.
Claim 2.1. DP,S is nef and big. Moreover, D
2
P,S ≥ 2.
Proof. We already know that DP is nef. It suffices to see that DP,S is
big. First note that DP ≡ DQ for P,Q ∈ Pic
0(X) and S → E is a
surjective morphism. Hence the Iitaka model of DP dominates E (and
so does DP,S).
Suppose that DP,S is not big, then it is the pull-back on S of an
effective divisor of E. We may write DP,S = a
∗N for some ample
divisor N . Let C be connected component of S ∩ F . One has that
g(C) ≥ 2 since S is of general type and the restriction DP,C = 0.
We then consider the short exact sequence
0→ OX(DP − S)→ OX(DP )→ OS(DP,S)→ 0.
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It follows from rk(a∗DP ) > 1 that aX∗OX(DP − S) 6= 0 and hence
DP,F ≥ S|F . Further restriction to C yields 0 = DP,C ≥ S|C . However,
since 2KX = DP +S+E2, 2KX+2S = DP +3S+E−2. Its restriction
to S and further to C leads to
0 < (2KS)|C = DP,C + 3S|C + E2|C = 0,
which is a contradiction.
We now prove that D2P,S ≥ 2. If S is of maximal Albanese dimen-
sion, we know by [BPS, v5, Theorem 6.7] that vol(S,DP,S) = D
2
P,S ≥
2r
2r−1
h0(S,DP,S + Q), where Q ∈ Pic
0(S) general and r is the least
positive integer such that rKS  V . Hence D
2
P,S ≥ 2.
If aS : S → AS maps onto a curve. Then we may apply Proposition
2.4 to conclude that D2P,S ≥ 2. 
Claim 2.2. (2
3
σ∗SKS0 +
5
3
DP,S)
2 > 10.
By Claim 1, (DP,S)
2 ≥ 2. Hence by Hodge index theorem, σ∗SKS0 ·
DP,S ≥ 2 and hence
(
2
3
σ∗SKS0 +
5
3
DP,S)
2 ≥
94
9
> 10.
Claim 2.3. (2
3
σ∗SKS0 +
5
3
DP,S) · C ≥ 3 for a general curve C on S.
Let C be a general curve on S. We know that DP,S · C ≥ 1 since DP,S
is big and C is general. If σ∗SKS0 · C ≥ 2 then the Claim follows. If
σ∗SKS0 · C = 0, one has a contradiction by Hodge Index Theorem. If
σ∗SKS0 · C = 1, then Hodge Index Theorem implies that C ≡ σ
∗
SKS0.
Hence
(
2
3
σ∗SKS0 +
5
3
DP,S) · C = (
2
3
σ∗SKS0 +
5
3
DP,S) · σ
∗
SKS0 ≥ 4.
With these Claims, we thus then conclude thatKS+⌈2π
∗KX0+DP ⌉S
induce a birational map of S. 
6. Irregular threefolds with pg(F ) = 0
We always assume that X is special. Then by Lemma 4.3, for P ∈
Pic0(X) general, we have
|3KX + P | = |L3K |+ D3K,P + E3,
and
|2KX + P | = |L2K |+ D2K,P + E2.
For simplicity of notations, we write DP := D3K,P and TP := D2K,P .
by Lemma 4.6, we may and will assume that |L3K | and |L2K | are base
point free, DP and TP are smooth nef divisors for P general.
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Warning. Note that a difference from last section is that there is no
reason here that P2(X) > 1 and hence L2K could be OX . Moreover,
there is also no reason that DP and TP are algebraically equivalent.
Since pg(F ) = 0, it follows that q(F ) = 0 and χ(OF ) = 1. Hence
1 ≤ K2F0 ≤ 9 by Bogomolov-Miyaoka-Yau inequality. It is then leads
to the following table
K2F0 1 2 3 4 5 6 7 8 9
P2(F0) = 1 +K
2
F0
2 3 4 5 6 7 8 9 10
P3(F0) = 1 + 3K
2
F0
4 7 10 13 16 19 22 25 28
We know by Theorem 2.1 that |3KF0| induces a birational map of F0
for all surfaces F0 of general type with geometric genus 0.
Since pg(F ) = q(F ) = 0, it follows that a∗ωX = R
1a∗ωX = 0.
Moreover, R2a∗ωX = ωE by [Ko, Prop. 7.6]. It follows that χ(OX) =
−χ(ωX) = 0 in this section.
6.1. DP is a general fiber of aX. We will need following lemmas.
Lemma 6.1. If DP is a general fiber of aX , then L3K is big and nef.
Thus, let S ∈ |L3K | be a general member, we have q(S) = 1 and S
dominates E.
Proof. Suppose that DP is a general fiber of aX . Then one has that
V
+
3K = E
+
3K is a line bundle of degree 1. By Corollary 4.8.4., we conclude
that
(8) |L3K |F+E3,F∼=|3KX |F ≃ |3KF | ∼= |σ
∗
F3KF0|+ 3KF/F0.
As |3KF | always induces a birational map of F , we see that |L3K |F
induces a birational morphism of F and the Iitaka dimension of L3K is
at least 2.
If L3K is not big, then |L3K | induces a morphism ϕ : X → Σ such
that the restriction ϕ|F : F → Σ is birational for every general fiber F
of aX . This implies that aX × ϕ : X → E × Σ is birational, which is
absurd. Therefore, L3K is nef and big.
The last assertion holds becauseH1(X,OX(−S)) = H
2(X,OX(−S)) =
0 due to Kawamata-Viehweg vanishing. Since S is big, then it is clear
that S dominates E. 
Under the assumption of the previous lemma, let Γ be a general
fiber of the morphism S → E. Then as |L3K |F ≃ |3KF |, Γ is a general
member of σ∗F |3KF0|. Hence by Lemma 2.5 and the remark after it, Γ
is not hyperelliptic.
Lemma 6.2. Let S ∈ |L3K | be a general member and C be a very
general curve on S dominating E. Then C ·Γ = deg(a|C : C → E) ≥ 3.
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Proof of Lemma 6.2. As C is very general, there exist an algebraic
deformation {Ct} of C such that ∪tCt covers an open subset of S.
Since S dominate E and q(S) = 1 by Lemma 6.1, the morphism
Pic0(E)→ Pic0(S) is an isogeny and it follows that Pic0(S)→ Pic0(Γ)
is trivial. Therefore, for general t1, t2, OS(Ct1 −Ct2) ∈ Pic
0(S) induces
OΓ(Ct1 − Ct2)
∼= OΓ. This implies in particular that Ct1,Γ ∼ Ct2,Γ,
and moreover there exist a rational map Ψ : Γ 99K P1 with Cti,Γ be-
ing fibers. Since Γ is non-hyperelliptic by Lemma 2.5, one sees that
C · Γ = deg(Ψ|Γ : Γ→ P1) ≥ 3. 
Proposition 6.3. Assume that pg(F ) = 0, K
2
F0
≥ 2 and DP is a
general fiber of aX for P general, then |5KX | induces a birational map.
Proof. The proof is similar to the first case of Theorem 5.3. We assume
that |L3K | is base point free and pick S a general member of |L3K | and
consider the short exact sequence
0→ OX(KX+⌈3KX+π
∗KX0−E3⌉−S)→ OX(KX+⌈3KX+π
∗KX0−E3⌉)
→ OS
(
(KX + ⌈3KX + π
∗KX0 −E3⌉)S
)
→ 0.
As before, we need to show that |KS + ⌈π
∗KX0 +DP ⌉|S defines a bira-
tional map of S. Moreover, we again apply the extension theorem [K]
to conclude that
π∗KX0,S 
1
4
(σ∗SKS0 + DP,S)
and hence
π∗KX0,S + DP,S 
1
4
(σ∗SKS0 + 5DP,S) =: M .
If K2F0 ≥ 2, we know that |3KF0| is base point free ([BPV, Theorem
5.1]). Then L3K,F = 3σ
∗
FKF0. As DP is a general fiber of aX , denoted
F , and Γ = DP ∩ S. By the similar computation as in Equation 6, 7,
we have {
σ∗KS0 ·DP,S = 2g(Γ)− 2 = 12K
2
F0
≥ 24;
M 2 ≥ 1
16
(K2S0 + 10σ
∗KS0 ·DP ) > 15
Next we verify that M · C ≥ 3 for any general curve C. Let C be a
general curve on S. If a(C) is a point, then C = DP,S and hence
M · C ≥
1
4
σ∗KS0 ·DP,S ≥ 6.
If a(C) is not a point, then the induced map a|C : C → E is of degree
DP,S · C ≥ 2 because g(C) ≥ 2. We next verify that σ
∗
SKS0 · C ≥ 2 to
achieve M · C ≥ 3.
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If C2 = 0, then σ∗SKS0 ·C = 2g−2 ≥ 2. If C
2 = 1, then σ∗SKS0 ·C ≥ 2
unless σ∗SKS0 ≡ C by Hodge Index Theorem. In this situation, we have
M · C = M · σ∗SKS0 > 30. If C
2 ≥ 2, then by Hodge Index Theorem,
σ∗SKS0 · C ≥ 2.
Therefore,M · C ≥ 3. Hence we conclude by Theorem 2.3 that the
global sections of KX + ⌈3KX + π
∗KX0 − E3⌉ separates two general
points which are in different fibers of aX .
On the other hand, we know that in this case |3KX + P | = |L3K | +
DP +E3, where |L3K |F ≃ |3KF |. Hence |5KX |F ⊃ |3KF |+ V for some
fixed divisor V and |3KF | induces a birational map of F . Hence |5KX |
induces a birational map of X , when K2F0 ≥ 2. 
Corollary 6.4. Assume that K2F0 = 2, 4, 6, then DP is a general fiber
of aX . Hence |5KX | induces a birational map of X.
Proof. When K2F0 = 2, 4, 6, P3(F ) is a prime number and P3(X) ≥ 2
by Lemma 2.7 and 4.4, hence rankE +3K = 1 and we know that DP is a
general fiber of aX by Corollary 4.8. Therefore, |5KX | is birational by
Proposition 6.3. 
Proposition 6.5. Assume that K2F0 = 1, then DP is a general fiber of
aX . Moreover, |5KX | induces a birational map of X.
Proof. This case is more involved.
Step 1. P3(X) = 4 and DP is a general fiber of aX .
If K2F0 = 1, then P3(F ) = 4 and hence P3(X) = 2 or 4 since P3(X) > 1.
Suppose on the contrary that P3(X) = 2. Then H
0(F, 3KF ) ∼= W
0
3 ⊗
W+3 , where both W
0
3 and W
+
3 are 2-dimensional (cf. Corollary 4.8).
Then the image of |3KF | is a smooth quadric in P3, which contradicts
the fact that |3KF | induces a birational map of F .
Therefore P3(X) = 4. It follows that rankE
+
3K = 1 by Lemma 4.4
and hence DP is a general fiber of aX by Lemma 4.8.
Step 2. L33K ≥ 2, and DP · L
2
3K ≥ 7. Moreover, a general section
of |L3K,F | is a smooth curve of genus 7 and hence σ
∗
SKS0 · DP,S =
KS ·DP,S = 12.
The linear system |L3K | defines a generically finite morphism from
X to P3. Hence L33K ≥ 2.
We know that |3KF0| has no fixed component and has less than
2 simple base points (see for instance [Cat, Corollary 12]). Hence
(L3K,F )
2 ≥ 9 − 2 = 7. A general member of |3KF0| is already smooth
with genus 7. Hence a general member Γ ∈ |L3K |F , which is a proper
transform of a general member in |3KF0| has genus 7. Notice that
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a|S : S → E factor through S0. Therefore, the exceptional set of
σS : S → S0 does not intersect F and hence Γ. If follows that
12 = 2g(Γ)− 2 = KS · Γ = σ
∗
SKS0 · Γ = σ
∗
SKS0 ·DP,S.
Step 3. K2S0 ≥ 10.
Note that (KX + L3K)S = KS. Thus σ
∗KS0  (π
∗KX0)S + L3K,S.
Hence
K2S0 ≥ L
3
3K + 2π
∗KX0 · L
2
3K + (π
∗KX0)
2 · L3K .
Moreover since π∗KX0 
1
3
(DP + L3K), we have by Lemma 6.1 that
π∗KX0 · L
2
3K ≥
1
3
L33K +
1
3
DP · L
2
3K ≥ 3
and
(π∗KX0)
2 · L3K ≥
1
3
DP · π
∗KX0 · L3K +
1
3
π∗KX0 · L
2
3K
≥
1
3
DP · π
∗KX0 · L3K + 1.
Note that aX factors through π : X → X0. Moreover, for any m
sufficiently large and divisible and P ∈ Pic0(E)tor torsion, |mKX+P | =
π∗|mKX0 +P |+mKX/X0. Moreover, for m ≥ 2, aX∗ω
m
X is IT
0 sheaves.
Hence aX∗ω
m
X is continuously globally generated by [PP]. Thus the
evaluation map ⊕
P∈Pic0(E)tor
H0(mKX + P )→ H
0(F,mKF )
is surjective. We then conclude that π∗KX0,F = σ
∗KF0. Thus
π∗KX0 · Γ = DP · π
∗KX0 · L3K = π
∗KK0,F ·F L3K,F = 3K
2
F0 = 3.
Combining all the inequalities above, we have K2S0 ≥ 10.
Step 4. |KS + ⌈π
∗KX0 + DP ⌉|S defines a birational map of S.
We consider M = 1
4
σ∗SKS0 +
5
4
DP,S and π
∗KX0,S + DP,S ≥ M as
before. Now we have
(π∗KX0,S + DP,S)
2 ≥ M 2 =
1
16
(K2S0 + 10σ
∗
SKS0 ·DP,S) ≥
65
8
> 8.
Since π∗KX0 ·Γ ≥ 3, it follows that |KS+⌈π
∗KX0+DP ⌉|Γ is birational.
Thanks to the vanishing of H1(S,KS + ⌈π
∗KX0⌉), it follows that the
system |KS + ⌈π
∗KX0 + DP ⌉|S separate points on Γ, that is, general
fiber of S → E. It remains to consider points on different fiber of
S → E.
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We then consider M ·C for a very general curve C on S dominating
E.
Suppose that C2 ≥ 2, then σ∗SKS0 ·C ≥ 5 by Hodge Index Theorem.
Since g(C) ≥ 2, then it is clear that DP,S · C ≥ 2 for a|C : C → E has
degree ≥ 2. Hence M · C ≥ 15
4
.
Suppose that C2 = 1, then σ∗SKS0 ·C ≥ 4 by Hodge Index Theorem.
Suppose furthermore that KS0 · σS(C) = σ
∗
SKS0 · C = 4. Since σS(C)
2
is even and σS(C)
2 ≥ C2 = 1, one sees that σS(C)
2 ≥ 2 and leads to a
contradiction to Hodge Index Theorem. Therefore σ∗SKS0 · C ≥ 5 and
M ·C ≥ 15
4
in this situation. Suppose that C2 = 0, by Lemma 6.2, one
has M · C ≥ 15
4
clearly. Therefore, for very general curve, we always
has
M · C ≥
15
4
>
4
1 +
√
1/65
.
We can conclude that |5KX | induces a birational map ofX by Theorem
2.3 and the last paragraph of the proof of Proposition 6.3. 
Proposition 6.6. Assume that K2F0 = 3, then DP is a general fiber of
aX . Moreover, |5KX | induces a birational map of X.
Proof. We proceed with the following setting:
Setting. Since K2F0 ≥ 2, we know that|3KF0| is base point free
([BPV, Theorem 5.1]). We recall some notation as in last sections.
Let Λ3 := σ∗L3K,F and ∆ := σ∗DP,F . Then H
0(F0, 3KF0) ≃W
0
3 ⊗W
+
3 ,
where W 03 (resp. W
+
3 ) can be regarded as a subspace of H
0(F0,Λ3)
(resp. H0(F0,∆)). Notice that both |W
0
3 | and |W
+
3 | are free (and so
are |Λ3| and |∆|) by Corollary 4.8.3.
Claim 1. None of the system |Λ3| or |∆| defines a pencil.
Suppose first that |W+3 | defines a pencil of curve, denoted G, of genus
g(G) ≥ 2. Hence KF0 ·∆ = 2g(G)− 2 is even.
Suppose furthermore that |W 03 | defines a pencil of curves as well,
then KF0 · Λ3 is even again. However,
9 = 3K2F0 = KF0 · Λ3 +KF0 ·∆.
Therefore, |W 03 | can not be a pencil. Now consider the situation that
|W 03 | defines a generically finite morphism from h : F0 → P
m, where
m = h0(W 03 ) − 1 =
1
2
P3(F ) − 1 and denote by V its image. Clearly,
deg(V ) ≥ h0(W 03 )− 2.
Since Λ23 ≥ deg(V ) ≥ h
0(W 03 ) − 2 =
1
2
P3(F ) − 2 = 3. Suppose that
deg(V ) = 3 then it is a cubic surface in P4, which is not of general type
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and hence Λ23 ≥ deg h · deg V ≥ 6. In any event, we have that Λ
2
3 ≥ 4.
Together with
27 = Λ23+2Λ3·∆+∆
2 = Λ23+2(Λ3+∆)·∆ = Λ
3
3+6KF0·∆ = Λ
2
3+12(g(G)−1),
one sees that g(G) = 2 and Λ23 = 15. However, by [X1, The´ore`me
2.2], a surface F of general type with pg = 0 and a pencil of genus 2
curve should have K2F0 ≤ 2. Hence we get a contradiction. The above
argument shows that none of the system |Λ3| or |∆| defines a pencil.
Claim 2. Then DP is a general fiber of aX and |5KX | is birational.
Suppose that K2F0 = 3, then P3(X)|P3(F0) = 10. If P3(X) = 2 or
5, then either |Λ3| or |∆| is a pencil by Corollary 4.8.1 , which is a
contradiction to Claim 1. Since P3(X) > 1, then we have P3(X) = 10
and therefore a∗DP is of rank 1. Therefore, by Corollary 4.8.4, DP is
a general fiber and hence |5KX | is birational by Proposition 6.3. 
6.2. General fiber has K2F0 = 5, 7, 8, 9.
Note that X is special and by Theorem 5.3, we will assume further-
more that P2(X) = 1. Hence we have
|2KX + P | = TP + E2,
where TP is smooth and nef.
Let T = TP for some general P . Considering the short exact sequence
0→ KX+⌈2π
∗KX0+2KX+P−E2−T ⌉ → KX+⌈2π
∗KX0+2KX+P−E2⌉
→ KT + ⌈2π
∗KX0⌉T → 0.
By Kawamata-Viehweg vanishing theorem, we have the surjectivity of
H0(X,KX + ⌈2π
∗KX0 + 2KX + P −E2⌉)→ H
0(T,KT + ⌈2π
∗KX0⌉T ).
Lemma 6.7. If K2F0 ≥ 5, then the volume vol(T ) = T
3 ≥ 10.
Proof. SinceK2F0 ≥ 5, the linear system |2KF0| is base point free. Hence
TP,F ∼ 2σ
∗KF0 . It is easy to see that aX∗OX(T ) = aX∗(ω
2
X ⊗ P ) is an
ample vector bundle V of degree 1 and of rank 1+K2F0 . By Proposition
2.4, we know that
vol(T ) = T 3 ≥ 3
T 2F
1 +K2F0
=
12K2F0
1 +K2F0
≥ 10,
when K2F0 ≥ 5. 
Lemma 6.8. P3(X) = dimW
0
3 ≥ 4.
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Proof. We have seen that T 3 ≥ 10. Moreover, 2π∗KX0  T . Hence
vol(X) = (π∗KX0)
3 ≥ 1
8
T 3 ≥ 5
4
. Since χ(OX) = 0, the Riemann-Roch
formula implies that P3(X) ≥
5
2
vol(X) ≥ 25
8
and hence P3(X) ≥ 4. 
Lemma 6.9. Suppose that χ(OX) = 0 and P2(X) = 1. Then P3(X) ≤
5. Moreover, P3(X) = 5 if and only if its minimal model X0 has at
worst Gorenstein singularities.
Proof. Let X0 be the minimal model of X . By [CC1, 3.5], one has
σ(X0) = 10χ(OX0) + 5χ2(X0)− χ3(X0) = 5− P3(X) ≥ 0.
Moveover, σ(X0) = 0 if and only if X0 has at worst Gorenstein singu-
larities. 
By [Theorem 1.1] of [CCZ], |5KX0| is birational if X0 is minimal with
at worst Gorenstein singularities. Moreover, P3(X)|P3(F ) for special
irregular threefolds (cf. Lemma 4.4). Therefore, we conclude that
Corollary 6.10. (1) |5KX | is birational unless χ(OX) = 0, P2(X) =
1 and P3(X) = 4.
(2) In the case that K2F0 = 7 or 8, one has that |5KX | is birational.
It remains to consider the following two cases:
Case 1. K2F0 = 5, P3(X) = dimW
0
3 = 4, and dimW
+
3 = 4.
Case 2. K2F0 = 9, P3(X) = dimW
0
3 = 4, and dimW
+
3 = 7.
Proposition 6.11. In the Case 1 that K2F0 = 5, |5KX| induces a
birational map.
Proof. This is a involved case that we need to work harder.
Step 1. The system |5KX |T induces a birational map of T .
To see this, it suffices to apply Theorem 2.3 to show that |KT +
⌈2π∗KX0⌉T | induces a birational map of T . We note that 2π
∗KX0  TP
for P ∈ Pic0(E)tor. Hence ⌈2π
∗KX0⌉T  TP,T .
We then consider the eventual map ofX associated to OX(T ) defined
in [J2], which is indeed the relative evaluation morphism of V :
ϕ : X → PE(V ).
We note that ϕ is generically finite, whose restriction to a general
fiber F of aX is exactly the bicanonical morphism of F . Note that
ϕ∗OPE(V )(1) = OX(T ). Let C be a general curve on T ⊂ X . If C is
supported in a fiber F of aX , we see that C · T = 2(C · σ
∗KF0)F ≥ 4.
Suppose that C → E is dominant and C2 > 0, then Hodge Index
Theorem shows that C · T ≥ 4. Suppose that C → E is dominant
and C2 = 0, then Lemma 6.2 asserts that deg(C → E) ≥ 3. Hence
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(C · T )X ≥ 3 in any situation. By Theorem 2.3, |5KX |T ≥ |KT + TT |
is birational.
Step 2. We have h1(OT ) = h
1(OX) = 1 and the restriction of aX on
T is aT , the Albanese map of T .
Since T is a big and nef divisor on X , we have h1(OT ) = h
1(OX) = 1.
Moreover, since
TP,F + E2,F = (2KX + P )|F = 2KF  σ
∗2KF0,
and E2,F is σ-exceptional for general F . One has TP,F = σ
∗2KF0 . This
implies in particular that a general fiber Ct of T → E over t ∈ E is
a connected smooth member of |2σ∗KF0| on F . Hence the restriction
of aX on T is the Albanese morphism of T and the general fiber is a
curve with g(Ct) = 1 + 3K
2
F0
.
Step 3 Also, we have h1(ODP ) = 1. In particular, the Stein factoriza-
tion of the restriction of aX |DP on DP is the Albanese map of aDP .
Note that H2(X,OX(−DP )) is dual to H
1(X,KX + DP ). Since the
Iitaka model of (X,DP ) dominates E, we have
h1(X, aX∗OX(KX + DP )) = 0
by Kolla´r’s vanishing theorem. Moreover, since |∆| is nef and big,
a general member of |∆| is connected (and hence so is |DP,F |). It
follows that h1(F,KF + DP,F ) = 0. Since DP is movable and nef,
R1aX∗OX(KX+DP ) = 0 by the Kolla´r’s torsion-freeness ofR
1aX∗OX(KX+
DP ). We then conclude that 1 = h
1(OX) = h
1(ODP ).
Step 4. ∆ and Λ3 are big and nef.
Suppose on the contrary that ∆ defines a pencil, then |∆| defines
a morphism f : F0 → P1 and ∆ = f ∗OP1(a) for some a ≥ 3. Let
H = f ∗OP1(1). From 3KF0 = Λ3 + aH , we have
Λ3 ·H = 3KF0 ·H = 6(g(H)− 1),
and
45 = (3KF0)
2 = Λ23 + 12a(g(H)− 1).
By[X1, The´ore`me 2.2], g(H) ≥ 3, hence we get a contradiction. There-
fore, ∆ defines a map with 2-dimensional image. In particular, ∆ is
big. The same argument holds for Λ3 as well.
Step 5. Any dominant maps from DP to T is birational.
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Assume that there exists a dominant map ϕ : DP → T . Since
h1(OT ) = h
1(ODP ), the Albanese fiber of aDP , denoted C
′
t should also
dominates the Albanese fiber Ct of aT .
Since Λ3 is a big divisor on F0. We claim that Λ
2
3 ≥ 4. To see this,
we consider ϕΛ3 : F0 → Z ⊂ P
3. The
∆2 ≥ deg(ϕΛ3) deg(Z).
If deg(Z) = 2, 3, then Z is not of general type and hence deg(ϕΛ3) ≥ 2.
Therefore, Λ23 ≥ 4.
By Hodge Index Theorem, we have that KF0 · Λ3 ≥ 5. Recall that
15 = 3K2F0 = KF0 · Λ3 +KF0 ·∆.
Thus KF0 · ∆ ≤ 10. Then ∆
2 ≤ 20 and equality holds only when
∆ ≡ 2KF0 by Hodge Index Theorem again. Hence
2g(C ′t)− 2 = KF0 ·∆+∆
2 ≤ 30.
Suppose that g(C ′t) < 16, then we reach a contradiction since C
′
t
dominates Ct and g(Ct) = 16. Therefore, g(C
′
t) = 16 and ∆ ≡ 2KF0.
Moreover, DP → T is birational.
Step 6. The linear system |5KX | induces a generically finite map ϕ.
After birational modifications, consider ϕ : X → Z ⊂ PN be the
morphism induced by |5KX |. Assume that dimZ ≤ 2. Note that
|5KX|T induces a birational map from T to its image. Hence Z is bira-
tional to T and in particular q(Z) > 0. Thus q(Z) = 1. Thus restrict ϕ
to a general fiber F of aX , we see that the image of F is a general fiber
of the Albanese morphism of Z and hence is a curve of genus g ≥ 2,
which is a contradiction to pg(F ) = q(F ) = 0.
Step 7. The map ϕ induced by |5KX | has degree ≤ 2.
Let x 6= y be two general points of X . Take P ∈ Pic0(X) such that
x ∈ TP . If y ∈ TP , then by Step 1, |5KX | separates x and y.
If y /∈ TP , we note that TP + D−P + |L3| is a sub-linear system of
|5KX|. Hence if y /∈ D−P , then x and y can be separated by |5KX |.
Suppose now that y /∈ TP , y ∈ D−P . As ϕ|TP is birational, x is
general and ϕ(y) = ϕ(x) ∈ ϕ(TP ), we have dim(ϕ(D−P ) ∩ ϕ(TP )) = 2.
Since D−P is irreducible, it follows that D−P is an irreducible compo-
nent of ϕ−1(ϕ(TP )) and there exists a dominant map D−P 99K TP . By
Step 5, one sees that deg(ϕ) ≤ 2.
Step 8. The map ϕ induced by |5KX | is birational.
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Suppose that ϕ has degree 2, then there exists a birational involution
σ acting onX such that ϕ is birational to the quotient mapX 99K X/σ.
Take a birational model ρ : X˜ → X such that we can lift the action
σ to a biregular involution σ˜ on X˜ . Then σ˜∗T˜P = D˜−P , where T˜P and
D˜−P are respectively the proper transform of TP and D−P . On the
other hand, we always have
|2KX˜ + P | = T˜P + E
′
2,
and
|3KX − P | = |ρ
∗L3K |+ D˜−P + E
′
3,
where E ′2 and E
′
3 are always exceptional divisors from X˜ to its relative
minimal model over E. Apply σ˜∗ to the first equality, we have 2KX˜ +
P ′ = D˜−P+σ˜∗(E
′
2), where P
′ = σ˜∗(P ) ∈ Pic
0(X). HenceKX˜−P−P
′ =
ρ∗L3K +E
′
3− σ˜∗(E
′
2). Restricted to a general fiber F˜ of aX˜ , we see that
KF˜ + σ˜∗(E
′
2)F˜ = (ρ
∗L3K)F + E
′
3,F˜
.
Since σ˜∗(E
′
2)F˜ and E
′
3,F˜
are effective exceptional divisors from F˜ to its
minimal model F0. It follows that h
0(F˜ , KF˜+σ˜∗(E
′
2)F˜ ) = h
0(F0, KF0) =
0 but the right hand side is effective, which is a contradiction. 
Proposition 6.12. In the Case 2 that K2F0 = 9, |5KX| induces a
birational map.
Proof. We basically use the same approach as in Case 1 with modifi-
cation on some of the steps. First of all, one can easily sees that Steps
1-3 holds.
Step 4′. Both Λ3 and ∆ are ample.
When K2F0 = 9, we know that the Ne´ron-Severi group NS(F0) ≃ Z.
Let H be an ample line bundle on F0 such that its class [H ] is a gen-
erator of NS(F0). We know that h
0(F0,Λ3) ≥ 4 and h
0(F0,∆) ≥ 4.
Hence both Λ3 and ∆ are ample.
Step 5′. Any dominant maps from DP to T is birational.
Let KF0 = kH , Λ3 = b1H,∆ = b2H . It is clear that the only
possibilities for (k,H2) are (1, 9), (3, 1). A simple computation as in
Step 5 shows that if DP dominates T , then it is birational and ∆ ≡
6H ≡ 2KF0, Λ3 ≡ 3H ≡ KF0.
Then the Step 6-8 holds verbatim.
This concludes the proof of the Case 2, and hence the proof of our
main theorem that |5KX| is birational for any irregular threefold of
general type. 
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